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Abstract: A theoretical analysis of homeotropic alignment induced by nanoparticles (NPs) in a 
nematic liquid crystal (NLC) sample cell is presented. It is found that such alignment on the 
surface of a NP causes a change in the orientation of the molecular director near the surface, 
which in turn induces variations in the elastic constants and free energy. The induced NLC 
properties allow coupling between nearby NPs, mediated by the NLC molecules. The rotation of 
the coupled NPs close to the substrate tends to induce a long-range orientation of the NLC 
molecular director, leading to modification in the alignment at the interface of NLC and substrate 
which induces the orientation from homogeneous (planar) to homeotropic (vertical) in the bulk 
material. 
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I. Introduction 
The techniques to align a nematic liquid crystal (NLC) molecular director permit a wide 
range of applications of NLC materials other than displays. There are three types of basic 
alignments: homogeneous, homeotropic, and tilted. For homogeneous alignment, the molecules 
are parallel to the substrate of the sample cell. This has potential applications in switching of the 
NLC materials with positive anisotropy. In homeotropic alignment, the director is perpendicular 
to the substrate of the sample cell. The materials with negative anisotropy are preferred for this 
alignment so that the electric field parallel to the director can produce a Freedericksz transition 
of the NLC material. Tilted alignment is an intermediate state between homogeneous and 
homeotropic. The basic principle of alignment of the director inside the sample cell can roughly 
be explained by using the semiempirical Friedel-Creagh-Kmetz (FCK) rule,1 which says that if 
the excess energy of a solid substrate is greater than the surface tension of NLC, then 
homogeneous alignment is preferred, and if it is the reverse, then homeotropic alignment is 
preferred. The most widely accepted technique to achieve uniform and thermally stable 
homogeneous alignment is polyimide film rubbing, which contributes to the orientation of NLC 
molecules parallel to the substrate.1-4 Azo dye has also been adopted as one of the guiding 
materials to align the director optically,5-13 along with other methods such as the application of a 
magnetic field. 
Recently, nanoparticles (NPs) have also been utilized to achieve homeotropic alignment 
of the director.14,15 The realization of NPs suspended in various host materials becomes essential 
because of their considerable influence on the core properties of the host LC materials, such as 
speeding up the switching of molecules, reducing the driving voltage of the device,16,17 and 
generating a new mode.18 The inclusion of NPs in NLC has been studied theoretically and 
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experimentally in regard to alignment of NLC molecules around a NP. Studies in the past two 
decades have focused on several aspects such as topological defect formation (Saturn rings, 
hedgehogs, and boojums) in bulk NLC,19-27 nematic-to-isotropic phase transitions,28 self-
assembly structure of NP mediated by NLC,29 and control over the alignment of bulk LC induced 
by NP without treating the substrate surface. Polyhedral oligomeric silsesquioxanes (POSS)14 
and gold15 nanoparticles with a few nanometers in size are an efficient tool to align the bulk NLC 
director. The surface capping agent, such as alkyl thiol derivatives, is used to protect the 
aggregation of NPs and tends to align the NLC molecules homeotropically on the surface of a 
NP, which becomes helpful in producing homeotropic alignment of the bulk NLC director.30 
In POSS-doped NLC, spontaneous homeotropic alignment has been observed. The 
concentration of nanoparticles has been found to induce a variation in the pre-tilt angle, and after 
a concentration of ~1 wt%, the alignment becomes completely homeotropic.31 The results have 
been interpreted that the POSS NPs could be absorbed on the substrate surface and reduce the 
surface energy of the substrate, subsequently producing the homeotropic alignment. Several 
studies, as mentioned above, have been carried out on the molecular alignment of NLC around 
NPs, but the focus has not been on the mechanism of homeotropic alignment of bulk NLC 
induced by the NPs within the confined geometry of the cell. 
In this study, we carry out a theoretical analysis of the homeotropic alignment of bulk 
NLC material induced by NPs close to the substrate. We demonstrate the enhanced local 
ordering of NLC molecules on the surface of a NP due to the fact that homeotropic anchoring 
contributes largely to inducing homeotropic alignment of bulk NLC material within the confined 
geometry of the sample cell. The homeotropic anchoring of NLC molecules on the spherical 
surface of a NP shows the variation in elastic properties and elastic free energy, which are 
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studied by assuming a contribution by smectic layer formation at the interface of nematic phase 
and solid surface.32 The enhanced elastic properties have helped enable the coupling of two NPs 
in close proximity to act as a pair.33 The NP pair tends to rotate the NLC alignment at the 
interface of NLC and substrate. The theory and analysis is presented in the next section, which 
includes the introduction of elastic constants, the elastic free energy density, and nanoparticle 
alignment and liquid crystal ordering. This is followed by the conclusions. 
 
II. Theory and analysis 
A. Introduction of elastic constants 
For our study, the long and short range elastic properties of NLCs are described by three 
main elastic constants, K11, K22, and K33, corresponding to splay, twist, and bend, respectively.34 
The elastic properties of NLC are analyzed in the context of NPs, so that considering the center 
of a NP at the origin, a single quadrant has been used for the analysis throughout the study, with 
the properties assumed as symmetric in the remaining quadrants. The bulk director is taken along 
the symmetry axis (ݖ axis), and the alignment of the NLC molecules on the surface of the NP are 
considered to be homeotropic.19 
Consider the spherical coordinate system for the local director ( ሬ݊Ԧ) configuration with slight 
modifications, as shown in Fig. 1. The present system is axially symmetric, so that the director ሬ݊Ԧ 
depends on the polar angle  and the angle , which gives the local orientation of ሬ݊Ԧ with respect 
to the symmetry axis.19 The molecular director components can be described as 
nr= cosሾβሺr,ߠሻሿ	,                    (1a) 
nθ= sinሾβሺr,ߠሻሿ cosφ ,                 (1b) 
 5 
 
nφ= sinሾβሺr,ߠሻሿ sinφ ,                 (1c) 
nሬԦ = nreොr + nθeොθ + nφeොφ ,                           (1d) 
	ߚ	ሺݎ, ߠሻ ൌ ߠ	–	ଵଶ 	arctan ቂ
ୱ୧୬ሺଶఏሻ
ሺ௔ ௥⁄ ሻయ	ା	ୡ୭ୱሺଶఏሻቃ ,                  (1e) 
where nr, n , and n are the unit vectors of the director at a point in the spherical coordinate 
system along r, , and , and êr , ê , and ê are the local coordinate basis along r, , and , 
respectively. The parameter a is the radius of disclination singularity around NP in NLC,19 where 
the disclination ring is the ring-shaped structure formed by the singularity of molecular director 
around the NP. The term singularity means that it is a region where the magnitude of nematic 
order goes to zero. It has been shown previously19,35 that the deviation angle of the director of the 
NLC molecules at an arbitrary position depends on position vector r, and its polar angle  with 
respect to the main director of the bulk NLC, as reflected in Eq. (1e). The angle  is almost equal 
to the polar angle  close to the periphery of the NP surface. This is due to the strong 
homeotropic coupling of the long axis of the NLC molecule on the surface of the NP, but away 
from the NP, the angle is directed by the director of the bulk NLC material. 
In general, the elastic constants (K11, K22, and K33) can be defined by the method given in 
Refs. [36, 37]. Due to the complexity in applying them for practical utilization, another method 
has been proposed in Ref. 38. The behavior of these constants are defined for an undoped bulk 
NLC material, where the smectic-like phase formation at the interface of solid substrate as 
shown in Fig. 2 is not considered. The smectic-like phase formation by nematic molecules at the 
interface of an isotropic solid surface with NLC had been proposed earlier by de Gennes.32 This 
factor needs to be considered in explaining the variation in the twist and bend elastic constants of 
NLC in the vicinity of a second-order nematic-to-smectic A phase transition. Therefore, new 
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terms K22 and K33 have been defined in order to reformulate the elastic constants K22 and K33:32, 
39 
K22’ =
πkBT ξ٣2
6 do
2ξ∥
,                 (2) 
where ξ٣= 6ቄሺ೅ష೅೎ሻ೅ ቅ
1 2⁄ 	,  ξ∥ = 4 ξ٣, d o≈ 2 nm, and 
K33’ =
ଵ
ଶ
πkBT
 6do
2 ξ∥	.                 (3) 
Here ξ٣and ξ∥ are the coherent lengths of the smectic phase formation perpendicular and parallel, 
respectively, to the layer of NLC formation at the interface of the solid surface and nematic, and 
T and Tc are the regular temperature and transition temperature of the sample. These parameters 
are dependent on the temperature of the NLC phase. The layer thickness, do, is the projection of 
the average molecular length in the smectic layer formed at the interface of the NLC and solid 
substrate due to the strong molecular anchoring at the interface. (Note: The schematic in Fig. 1(a, 
b) shows the direction of the ݖ axis to represent the normal for any kind of solid surface, but the 
initial bulk director throughout the rest of the paper will be considered along the substrate 
surface, i.e., homogeneous alignment.) 
The expressions for K22 and K33 in Eqs. (2) and (3) are applicable to flat substrate 
surfaces. They may not be appropriate for other types of surfaces such as cylindrical and 
spherical. In the case of a NP, the surface is assumed to be spherical. The homeotropic 
attachment of NLC molecules is also in spherical manner constituting the topological defect.19 
Therefore, K22 and K33 must be further modified, and in order to do this, it is necessary to 
analyze the NLC molecular alignment at the periphery of the NP. The orientation ordering of 
NLC molecules close to the surface of the NP can vary as a function of r and  as shown in Fig. 
1. Then, the modified terms will be a function of these two parameters. We can refer to these 
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modified constants as elastic constants for curved surfaces, i.e., K22curve and K33curve. A function 
f(r,) needs to be introduced into K22 and K33 as 
K22curve=
π kB Tξ٣2
6d2 ξ∥
fሺr,βሻ ,                                          (4) 
K33curve=
ଵ
ଶ
π kBT
6ௗమ ξ∥fሺr,βሻ ,                            (5) 
where  fሺr,βሻ= ቀR
r
ቁ cos2β, d ≈ do+ ൫r-R൯
2
do
cos2θ, and T is the temperature of the NLC. The smectic 
layer formation at the interface loses its existence as a function of r and  because of NLC 
molecular alignment and its fluidic nature. Therefore, the smectic-like layer spacing is a variable 
quantity as d ~ do + (r – R)2 cos2/do rather than a constant one, where R is the radius of the NP. 
Then, the modified expressions for the elastic constants of the systems can be written as 
ܭଵଵ ൌ ቂ1+λ1-9λ1z1+ ቀ6+ 3911 λ1ቁ z12ቃ×K ,                  (6a) 
ܭଶଶ ൌ ቂ1-2λ1-3λ1z1+ ቀ6- 14111 λ1ቁ z12+K22curveቃ×K ,          (6b) 
ܭଷଷ= ቂ1+λ1+12λ1z1+ ቀ6+ 10211 λ1ቁ z12 ൅ K33curveቃ×K ,         (6c) 
where λ1= 27ω, ω = 
γ2-1
γ2+1 , γ = 
σ∥
σ٣ , ݖଵ≈ 
Pഥ4
P2
 ≈  1
4
ቂ35 cosβ-30 cos2β+3
3cos2β-1 ቃ, and ܭ ൌ
ଵ
ଷ ሺܭଵଵ ൅ ܭଶଶ ൅ ܭଷଷሻ, 
where K ~ 10-11 Newton is an approximate value for the arithmetic mean of the three elastic 
constants of NLC. 
It is well established that the homeotropic alignment of NLC molecules around the NP 
surface constitutes a topological defect and a disclination ring of certain radius ‘a’ greater than 
the radius of NP.19 In the region of disclination, the function of the elastic constant becomes 
undefined and shows the low and high magnitudes of the respective properties, as illustrated in 
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Fig. 3, where the radial distance r* in reduced unit is used to make the simulation simpler. The 
dependence of the elastic constant K22/K on the disclination ring in Fig. 3 shows that at 45 it 
decreases and then tends to the value equivalent to that at 0 and 90. In Fig. 3(d), the maximum 
value of K22 is 3.8410-11 N when  = 0o and r* = 22.2. However, the behavior of K33/K in Figs. 
4(a-c) shows a strong dependence at 45 as a function of the position vector r. The maximum 
value 1.2310-11 N of K33 at 0o and 22.2 is obtained as shown Fig. 4(d), where K33/K first 
decreases and then increases due to the asymptotic nature of the singularity. The peaks in Figs. 3 
and 4 at the position of the disclination radius are due to the asymptotic behavior of the 
singularity at the distance equal to the ring radius. The singularity is the region where the 
function becomes undefined. The shift of the disclination ring as a function of r and   is 
dependent on the strength of the anchoring energy of the NP surface, which holds the NLC 
molecules aligned homeotropically at its surface up to a certain value of the distance r and angle 
. The alignment of NLC molecules between the surface of the NP and the disclination ring 
remains homeotropic with respect to the NP surface. The molecules tend to remain homeotropic 
outside the ring to some extent at  ~ 90o due to the elastic effect. Consider a large disclination 
ring such that we then have a large defect due to the strong homeotropic alignment of NLC 
molecules on the surface of the NP. Figures 3(d) and 4(d) show that the strong stress is generated 
at a position close to the particle surface with the molecules parallel to the bulk director. This is 
due to the enhanced values of K22 and K33 which are modified by introducing ܭଶଶ௖௨௥௩௘and ܭଷଷ௖௨௥௩௘, 
respectively. 
 
B. Elastic free energy density 
The generated elastic forces in the NP regime can be visualized through the elastic free 
energy as well, as shown in Fig. 5. Elastic free energy is that amount of energy in the system 
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which is available for work at the equilibrium state due to distortion in ordering. For an analysis 
of this, we consider the molecules to be anchored homeotropically on the surface of the NP, 
generating a Saturn ring singularity pattern of the radius director a perpendicular to the bulk 
alignment. For estimation of the elastic free energy using Eqs. (1) and (6), we select one 
quadrant of the spherical coordinate system, with the other quadrants of the NP sphere remaining 
symmetric. The elastic free energy configuration of NLC can be defined as34, 35 
௘݂ ൌ ଵଶܭଵଵ|׏. ሬ݊Ԧ|ଶ ൅
ଵ
ଶܭଶଶ| ሬ݊Ԧ׏ ൈ ሬ݊Ԧ|ଶ ൅
ଵ
ଶܭଷଷ| ሬ݊Ԧ ൈ ׏ ൈ ሬ݊Ԧ|ଶ.            (7) 
As shown in Fig. 5, the free energy density reaches the maximum value of 4.6610-9 J/m2 when 
 = 0o and r* = 22.2. The large value for  between 0.8 and 1.5 (rad) is due to disordered 
alignment (i.e., disclination). It is well known that the director in the bulk NLC is aligned 
according to the substrate surface alignment restriction, but in the close proximity to the NP, it is 
almost perpendicular to the surface. In general, the director is oriented either by surface effects 
or by an external electric or magnetic field. The effects of the substrate surface and external field 
are not considered in the elastic free energy expression because the assumed systems under study 
are NP-doped and undoped NLC samples. 
The angle  between the local director n close to the NP and the director of the bulk NLC, 
i.e., along the ݖ axis in the present case (Fig. 1), generates the variation in the elastic free energy 
close to the NP, which is dependent on the polar angle  and position vector r from the center of 
the NP, according to Eq. (7). The value of  is almost equal to  near the periphery of the NP 
due to the strong homeotropic coupling of the long molecular axis of the NLC molecules on the 
surface of the NP; but away from the NP, it is guided by the alignment of the bulk director. The 
variation of the elastic constants as a function of , shown in Figs. 3(d) and 4(d), represents the 
deviation in intermolecular interactions and produces the subsequent change in the elastic free 
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energy. Figure 5 shows the deviation in the free energy at the periphery of the NP. The elastic 
free energy in the region close to r ~ R (nm) and  ~  (radian) is higher in comparison to the 
bulk elastic free energy away from the NP due to the strong anchoring of the NLC molecules. In 
this region, the NLC molecules have higher interaction and are aligned forcibly by the anchoring 
effect of the NP surface. Any other particle (NP or surface of the substrate of the sample cell, 
which is the special case of a particle having infinite radius), at this periphery of high interaction 
energy will be dealt with according to the deviated energy profile. These interactions of NLC 
molecules with other particles in this energy profile area are assumed to be responsible for the 
change in the properties of NLC materials. These particles are able to form pairs of NPs 
mediated by NLC molecules, while away from the NP they can behave independently. 
 
C. Nanoparticle alignment and liquid crystal ordering	
Two or more particles in the NP doped NLC materials interact with each other according 
to the following relation of particle energy33  
Uቀ|ℓ|ሬሬሬሬԦ, , Ψቁ ൌ గௐమோఴ
ଷ଴௄ห௟Ԧหఱ
ቀ1 െ ௐோହ଺௄ቁ ሾ9 െ 20cosሺ2Ψሻ ൅ 35cosሺ4Ψሻሿ	,               (8a) 
where W, R, K,	|݈|ሬሬሬሬԦ, and  are the anchoring energy of the NP surface, NP radius, average elastic 
constant under one constant approximation (i.e., an average value of K has been considered for 
the whole NLC material system), spacing between the two NPs (since this distance is orientation 
dependent, a vector notation is given), and the angle formed by the line between the NPs with 
respect to the direction of the bulk alignment, respectively. For particles that are small enough, 
WR/56K  1. Then Eq. (8a) reduces to 
Uቀ|݈|ሬሬሬሬԦ, , Ψቁ ൎ ௐమோఴ
௄ห௟Ԧหఱ
ሾ0.914	 െ 2.094	cosሺ2Ψሻ ൅ 3.665	cosሺ4Ψሻሿ.              (8b) 
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It has been assumed that initially the two particles come closer due to gravity and interact with 
each other effectively when they are under the higher interaction energy profile area. The 
following values have been used to analyze the pair interaction function as shown in Fig. 6: 
ܹ ≅ 10ି଺	J/mଶ, หԦ݈ห ൌ 5 െ 50	nm,	Ψ 0
2
  (radian), and K  10-11 N.  
      Figure 7 shows that the NPs close to each other possess a conditional interaction so that the 
interaction parallel and perpendicular to the molecular director is repulsive, whereas at other 
angles, it is attractive. We assume an NP to experience a gravitational potential and reach 
equilibrium near the substrate surface due to buoyancy force exerted by NLC on the NP. The 
equilibrium height, h, of the NP from the substrate of the sample cell depends on the elastic 
strength of the NLC material. If the NLC molecules are strongly anchored to the surface of the 
NP, then it is strongly repelled upward due to the elastic energy of the NLC material, U ~ 
22KR4/h3.40 If they were not repelled, then after sufficient time there is a possibility to achieve 
equilibrium through the gravitational potential energy, Ug ~ (4/3)R3gh, where  = p -N, 
p and N are the density of the particle and the NLC material, respectively, and g is the 
acceleration due to gravity. Thus, this force is balanced by the buoyancy of NLC on the NP at the 
equilibrium height, h.40 
Considering the bulk alignment of the NLC to be homogeneous within the sample cell, one 
can obtain an expression for the effective height of the NP from the sample substrate. Initially, 
the angle between the NLC director and the substrate surface is assumed to be 0o, i.e. 
homogeneous alignment, as shown in Fig. 7. When the angle ߖ between the distance line |݈|ሬሬሬሬԦ of 
the two particles (one is NP and the other is the substrate itself) and the bulk alignment is ~90o, 
the pair potential gives a repulsive force, and at ~45o, it gives an attractive force. 
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      Since the initial alignment of the bulk director is considered homogeneous, the assumed 
angles also correspond to the homogeneous alignment. The balancing energy equation can be 
written as 
௚ܷ ൅ ܷ௔௧௧௥௔௖௧௜௩௘ ൌ ௥ܷ௘௣௨௟௦௜௩௘	,                  (9) 
where Ug , Uattractive , and Urepulsive are the gravitational, attractive, and repulsive pair potential 
energies, respectively. By substituting the expressions for the gravitational potential,40 attractive 
and repulsive energies from Eq. (8b) and Eq. (9), the equilibrium height can be found as 
݄ ൌ ቂ ௐమோఱଶ଴	∆	௚௄ ቀ1 െ
ௐோ
ହ଺௄ቁቃ
ଵ ଺⁄
.           (10) 
The stronger the anchoring of the NLC on the NP and the smaller the NP radius, the higher is the 
hanging position of the NP on the NLC close to substrate. If h is less than the disclination radius, 
a, the molecular director between the substrate and the NP tends to be homeotropic. This will not 
allow the NLC molecules to wet the substrate surface because of the strong inward pull by the 
NP surface interactions. Such a pull creates a depletion-type region between two particles,41 
where the combination forces tend to push the molecules aside. In the present case, one end of 
the NLC molecule is strongly coupled to the NP and the other end is loosely bound to the 
substrate. This combination of anchoring of the NLC molecules contributes to the conversion of 
the molecular director from the homogeneous to the homeotropic state. This results in the change 
of surface tension because of the inward pull of NLC molecules by the NP. 
Assuming homogeneous alignment of the bulk NLC, one NP (called NP-1) is in 
equilibrium at some height h due to repulsive and attractive interactions, as shown in Fig. 8. 
Another NP (NP-2) comes into the contact with NP-1 under the attractive and repulsive pair 
potentials at various angles and the gravitational potential due to the substrate. The two NPs 
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experience an orientation mediated by the elastic NLC material, and there is a strong anchoring 
of the NLC at its surface. 
 
This orientation of NPs tends to rotate the NLC director associated with it in the effective 
region of higher energy as per Eq. (7) and is up to longer distances because of the elastic and 
anisotropic properties of the NLC material. The pair formed tends to acquire a stable state 
according to the oriented attractive and repulsive potentials of NP-1 and NP-2. Then, the torque 
applied on NP-1 by NP-2 under the gravitational motion can be expressed as 
ΓԦଵଶ 	ൌ 	 Ԧ݈ൈ ൫ܨԦ௚ 	൅	ܨԦ௣௔௜௥ 	െ	ܨԦ௦௨௕௦௧௥௔௧௘൯	,         (11)	
where Fg , Fpair , Fsubstrate , and หԦ݈ห	are the forces generated by the gravitational effect, the NP pair 
formation, the substrate to produce the torque on the NP-1 by NP-2, and the distance between the 
two NPs in the form of the vector, respectively. Substituting the expression for the force from the 
calculation of respective potentials, Eq. (11) can be written as 
ΓԦଵଶ ൌ ସଷ ߨܴଷ߂ߩ݃ܥหԦ݈หݏ݅݊ߖ ൅
ଵ଴ଽగோఴ
ଽ√ଶ௄ห௟Ԧหఱ
ቀ1 െ ௐோହ଺௄ቁ .     (12) 
We have introduced the term C as the ratio of forces applied by the NLC molecules on each 
other under the elastic deformation and the force applied on the NLC molecules under the 
influence of the uniform bulk molecular director: 
ܥ ൌ ௄భభ|׏௡ሬԦ|ା௄యయ|௡ሬԦൈ׏ൈ௡ሬԦ|ଷఓ೔ఓೕ ሺଶగఌ௥೔ೕమሻൗ  .                                (13) 
Here, i and j are the dipole moments of the ith and jth molecules in the bulk LC, respectively, rij 
is the relative distance between them, and  is the dielectric constant of the NLC material. The 
specific elastic constants, K’s, can be considered in the calculation of C instead of taking its 
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average value to show the anisotropic effect of molecular anchoring around the NPs. The torque 
on the two NPs, mediated by the ordering of the NLC molecules, also rotates the NLC molecules 
to reach equilibrium in the NLC system. Thus, the two particles NP-1 and NP-2 are now in 
equilibrium close to the substrate surface, as shown in Fig. 8(a). The substrate of the sample cell 
also acts as a particle. Now suppose a third particle NP-3 comes between NP-1 and NP-2, as 
shown in Fig. 8(b). It will also be in equilibrium with the fourth one, i.e. the substrate which is 
also acting as a particle of very large surface area. Before achieving equilibrium, NP-3 induces a 
slight orientation of the NP-1 and NP-2 pair. Then NP-1, NP-2 and NP-3 will experience the 
same interaction with the substrate that they could experience from any other particles.  
      The interaction of the NLC with the substrate can be defined by the potential expression42 
Φሺݑ௜, ݔ௜ሻ ൌ ଶ	ఌೞଷఙೞమ ൤
ଶ
ଵହ ቀ
ఙ೚
ఙೞ௫೔ቁ
ଽ െ ቀ ఙ೚ఙೞ௫೔ቁ
ଷ൨	,              (14) 
where s is the well depth strength parameter and depends on , the intermolecular size parameter 
and is also another parameter which can be used to adjust the ratio between the end-end and side-
side potential well depth. Let us consider the special case in which xi is the distance of the ith 
molecule from the substrate, and ui,z is the orientation unit vector of the ith molecule with ݖ axis. 
Then, the parameters in Eq. (14) can be written as 
ߪ௦ ൌ ൤1 െ ఞ௨೔,ೣ
మ
ଵିఞమ௨೔,೥మ
൨
ିଵ ଶ⁄
,                  (15) 
	߯ଶ ൌ ቀఊమିଵఊమାଵቁ,                                     (16) 
ߛ ൌ ఙ∥ఙ఼ ,                          (17) 
ߝ௢௦ ൌ ߝߝ௢,                                        (18) 
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ߝ௦ ൌ ߝ௢௦ൣ1 െ ߯ଶݑ௜,௭ଶ ൧ିଵ ଶ⁄ ,                 (19) 
where ui,x is the orientation of the ith molecule along the x axis, NP and s are the potentials of 
the NP and the substrate, respectively, and can be obtained by Eq. (14). If s<NP, then the NLC 
molecules on the substrate can be easily rotated by the NP pair orientation near the substrate 
surface. Assume FNLC-substrate =  s (ui, xi) and FNLC-NP =  NP (ui, xi) are the forces exerted 
by the substrate and the NP on the NLC molecules at equilibrium, respectively. If the condition 
FNLC-NP > FNLC-wall is satisfied, the final molecular torque produced by the pair orientation, elastic 
effect, and wall interaction can effectively rotate the NLC molecules in the orientation direction 
of NP pair, as shown in Fig. 8. The orientation of the NLC molecules in between the NPs, shown 
in Fig.8 (b), creates a long-range interaction and high stress inside the NLC material. This stress 
results in an enhancement in the surface tension of the NLC material. The molecules of such a 
NLC system do not experience enough anchoring on the substrate surface, leading to adherence 
to the FCK rule,1 i.e., homeotropic alignment on the substrate surface. The conversion of 
alignment depends on the concentration of the NPs in the NLC material. The pre-tilt dependence 
on the concentration of NPs in the NLC has been shown by Hwang et al.43 
The behavior of the tilt angle in the doped NLC samples can be understood by 
considering the torque balance equation of the oriented NLC molecules,34 
ΓԦ௘௟௔௦௧௜௖ ൅ ΓԦ௣௔௜௥ െ ΓԦ௦௨௕௦௧௥௔௧௘ ൌ 0,                                (20) 
where elastic , pair , and substrate are the contributions of torque to rotate the molecule from the 
elastic properties of NLC, pair of NPs, and substrate, respectively. The torque by the substrate, 
wall, can be considered negligible because of its static nature, so that 
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ܭଶଶ డ
మథ
డ௭మ ൅ ׏ܷ ൈ ሬ݊Ԧ ൌ 0,                     (21) 
where ߶ is the tilt angle from the lower to upper substrate. The potential, U, produced by the pair 
acts as a source of the force to generate the torque on the unit vector ሬ݊Ԧ of the NLC molecule in 
between the two particles of a pair. substrate is negligible at large distances from the substrate. So, 
the specific equations can be obtained by using various values of  in Eq. (8). 
If the angle between the distance line |݈|ሬሬሬሬԦ of the two NPs with respect to the bulk director is 
 ~ 45o in Eq. (8b), then Eq. (21) is reduced to 
ܭଶଶ ௗ
మథ
ௗ௭మ ൅
ଵଷగ
ଷ
ௐమோఴ
௄మమห௟Ԧหల
ቀ1 െ ௐோହ଺௄మቁ sin߶	 ൌ 	0,               (22) 
and if  ~ 90o in Eq. (8b), the potential energy is repulsive and the torque balancing equation 
reduces to 
ܭଶଶ ௗ
మథ
ௗ௭మ െ
ଵଷగ
ଷ
ௐమோఴ
௄మమห௟Ԧหల
ቀ1 െ ௐோହ଺௄మቁ sin߶	 ൌ 	0.                  (23) 
Using boundary conditions at ऊ ൌ 	0 and t (thickness of the sample cell), the magnitude of 
߶ will be around 0 and 90 for homeotropic and planer alignment, respectively. At  ~ 90o, the 
particles will be in equilibrium near the substrate. The solutions for ߶ in Eqs. (22) and (23) 
define the path of the molecular director orientation from ݖ = 0 to t as a function of the elastic 
constant and the anchoring energy of NLC molecules on the NP surface. 
 
III. Conclusions 
In summary, we have shed light on NP-induced homeotropic alignment of a NLC 
material. The smectic-like layer formation in close proximity to the NP leads to variation in the 
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elastic properties and free energy of the NLC material. Modulation in the properties of the NLC 
allows the pair formation of NPs close to the substrate surface, which is mediated by the NLC 
molecules. Such pair formation results in the conversion of alignment of NLC molecules 
between NLC and the substrate. Thus, the surface tension increases due to the conversion of 
molecular alignment close to the surface of the substrate. This results in adherence to the FCK 
rule of alignment conversion from homogeneous to homeotropic. 
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Figure captions: 
Fig. 1. Schematic representation of NP-doped NLC shown in a spherical coordinate system. 
One quadrant is considered in all the calculations. 
 
Fig. 2. (a) Representation of smectic-like phase formation at the interface of a solid 
substrate and nematic phase, where do represents the layer spacing close to solid NLC 
interface. (b) Smectic-like phase formation in NLC at the interface with a solid spherical 
NP surface. 
 
Fig. 3. K22/K plotted as a function of the radial distance r* (in reduced units, r* = r/,  = 
0.450 nm) from the center of the nanoparticle at different radii of the Saturn ring, a: (a) 
33.3, (b) 73.3, and (c) 93.3 (in reduced units) and various polar angles ( = 0o, 45o, and 90o) 
for the singularity formed by the molecular director (Eq. (6b)). The behavior of K22/K and 
K33/K as a function of r* shows that it is clearly affected by the disordering of the NLC near 
the NP surface and the disclination defect. (d) K22 plotted as a function of r* and  in bulk 
NLC in the vicinity of NP (Eq. (6b)). 
 
Fig. 4. K33/K as a function of the radial distance r* (in reduced units, r* = r/,  = 0.450 
nm) from the center of the nanoparticle at different radii of the Saturn ring, a: (a) 33.3, (b) 
73.3, and (c) 93.3 (in reduced units) and various polar angles ( = 0o, 45o, and 90o) for the 
singularity (Eq. (6c)) formed by the molecular director. The elastic constants have high 
values at first and then decrease near the disclination, becomings normal according to the 
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bulk alignment. (d) K33 plotted as a function of r* and  in bulk NLC in the vicinity of the 
NP (Eq. (6c)). 
 
Fig. 5. Elastic free energy plotted as a function of r* and . The high jump peak values are 
due to the singularity structure in the Saturn ring. The azimuthal angle is kept constant at  
~ 90o, and the radius of Saturn ring is approximately 73.3 (in reduced units). 
 
Fig. 6. Schematic diagram of two NPs interacting via liquid crystalline matrix distortions. 
The arrow shows the direction of the force exerted by an NP on another nearby particle. 
 
Fig. 7 Pair potential, U(|݈|ሬሬሬሬԦ,,), plotted as a function of the distance, |݈|ሬሬሬሬԦ, between two NPs 
and the angle, , formed by |݈|ሬሬሬሬԦ with the direction of the bulk director (i.e., z axis as shown 
in Fig. 6). 
 
Fig. 8. (a) NP-1 settled at the equilibrium height h, and NP-2 falling under the gravitational 
effect from height h, changing the orientation of NP-1 and itself to reach equilibrium, (b) 
NP-3 falling in between two already stable NPs, forming a zig-zag pattern through 
alternatively opposite interactions between NPs due to repulsion from other particles. 
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Fig. 5 
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Fig. 8 
 
Ԧ݈ 
  
Ug 
Urepulsive 
Uattractive 
d 
h 
2120
55
gRK
Wh 
2 
1 
Substrate
Director 
(a)
1 
Urepulsive
h 
Orientation 
Pre‐tilt angle 
2 
3 
Substrate 
(b) 
h″
หԦ݈ห 
ऊ
